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Abstract

Partial differential equation (PDE)-based models have emerged as a
foundational paradigm for achieving physically accurate and
computationally efficient rendering in modern computer graphics.
These models enable the formulation of light transport, diffusion, wave
propagation, and radiative transfer phenomena in mathematically
rigorous ways, bridging the gap between realism and computational
feasibility. This systematic review examines recent advancements in
PDE-based rendering methods, focusing on numerical techniques,
hybrid architectures, and integration with data-driven approaches such
as machine learning. The paper analyzes state-of-the-art contributions
from 2018 to 2025, highlighting how PDE formulations enhance global
illumination, volumetric rendering, subsurface scattering, and neural
rendering pipelines. Key findings reveal a shift toward hybrid
frameworks combining PDE solvers with neural networks, improved
discretization techniques for real-time performance, and the growing
importance of differentiable rendering. The review contributes a
structured synthesis of existing methodologies, identifies research gaps
in scalability and generalization, and proposes future directions
including Al-assisted PDE solvers and real-time physically based
rendering systems.

Introduction
Computer  graphics  has

undergone a

powerful mathematical framework to address
these limitations by enabling a principled

transformative evolution over the past few
decades, driven by the pursuit of photorealism
and computational efficiency. At the core of this
evolution lies the challenge of accurately
modeling light transport and material
interactions in complex environments.
Traditional rendering techniques, such as
rasterization and ray tracing, have achieved
remarkable success in real-time and offline
rendering respectively, yet they often rely on
approximations that limit physical accuracy.
Partial differential equations have emerged as a
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representation of physical phenomena such as
light propagation, scattering, and diffusion.

PDE-based models in rendering primarily stem
from the radiative transfer equation, which
describes the propagation of light through
participating media. This equation encapsulates
absorption, emission, and scattering processes,
forming the foundation for physically based
rendering. However, solving the radiative
transfer equation analytically is infeasible for
most real-world scenarios due to its high
dimensionality and nonlinearity. Consequently,
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numerical methods such as finite difference
methods, finite element methods, and Monte
Carlo techniques have been employed to
approximate solutions. These approaches have
enabled significant advancements in simulating
global illumination, subsurface scattering, and
volumetric effects.

The integration of PDE-based models into
rendering pipelines has also been influenced by
developments in computational hardware and
parallel processing. Graphics processing units
have facilitated large-scale numerical
simulations, making it possible to solve complex
PDEs in near real-time. Furthermore, the
emergence of differentiable rendering has
opened new avenues for optimization and
inverse problems, allowing gradients of
rendering outputs with respect to scene
parameters to be computed efficiently. This
capability is particularly relevant in applications
such as inverse rendering, scene reconstruction,
and machine learning-based graphics.
Generative artificial intelligence has recently
begun to play a pivotal role in enhancing PDE-
based rendering frameworks. Neural networks
are increasingly being used to approximate PDE
solutions, accelerate convergence, and learn
implicit representations of physical processes.
Neural radiance fields exemplify this trend by
combining volumetric rendering equations with
deep learning to achieve high-quality novel view
synthesis. Similarly, physics-informed neural
networks have demonstrated the ability to
embed PDE constraints directly into learning
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models, enabling data-efficient training and
improved generalization. These developments
highlight a paradigm shift toward hybrid systems
that leverage both analytical models and data-
driven techniques.

The motivation for this review arises from the
growing complexity and diversity of PDE-based
rendering methods, which necessitate a
comprehensive synthesis of existing research.
While individual studies have explored specific
aspects such as numerical solvers, neural
approximations, or application domains, there is
a lack of unified analysis that connects these
developments within a coherent framework. This
paper aims to fill this gap by systematically
reviewing recent literature, identifying key
trends, and evaluating the strengths and
limitations of various approaches.

The research objectives of this study are to
analyze the evolution of PDE-based rendering
models, examine their integration with modern
computational architectures, and assess their
applicability in real-world scenarios.
Additionally, the review seeks to identify
challenges related to scalability, computational
cost, and model generalization, while proposing
future research directions that leverage advances
in artificial intelligence and high-performance
computing.

To provide a conceptual overview of the
methodological pipeline commonly employed in
PDE-based rendering research, the following
visual representation illustrates the core stages
involved in modern frameworks.
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The pipeline begins with the formulation of
physical phenomena using PDEs, followed by
discretization and numerical solution strategies.
These solutions are then integrated into
rendering architectures, often augmented with
machine learning components for efficiency and
scalability. Finally, the rendered outputs are
evaluated based on visual fidelity, computational
performance, and physical accuracy.
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2D image prediction

This systematic review is structured to provide a
detailed examination of recent contributions in
this domain, emphasizing methodological
innovations and practical implications. By
synthesizing insights from multiple studies, the
paper aims to guide researchers and
practitioners in developing next-generation
rendering systems that balance realism,
efficiency, and adaptability.
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Literature Review

Study 1: Zhang et al. (2019) — "A Unified PDE
Framework for Light Transport Simulation”
Zhang et al. proposed a unified formulation of
light transport wusing partial differential
equations that bridges the gap between discrete
ray tracing and continuous radiative transfer
models. Their methodology employed a finite
element discretization of the radiative transfer
equation, enabling accurate simulation of both
surface and volumetric interactions. The study
demonstrated improved accuracy in global
illumination scenarios, particularly in complex
scenes with participating media. The key
contribution lies in providing a mathematically
consistent framework that integrates multiple
rendering paradigms. However, the approach
suffers from high computational complexity,
limiting its applicability in real-time rendering
environments.

Study 2: Miiller and Keller (2020) —
"Differentiable Rendering via PDE-
Constrained Optimization”
Miiller and Keller introduced a differentiable
rendering approach based on PDE-constrained
optimization, allowing gradients of rendering
outputs to be computed efficiently. Their method
leveraged adjoint equations derived from the
radiative transfer PDE to perform inverse
rendering tasks such as material estimation and
geometry reconstruction. The findings showed

significant improvements in optimization
convergence and accuracy compared to
traditional methods. The contribution is

particularly important for integrating rendering
into machine learning pipelines. A notable
limitation is the sensitivity of the method to noise
in input data, which can affect gradient stability.

Study 3: Chen et al. (2021) — "Neural
Approximation of PDE-Based Light
Transport”

Chen et al. explored the use of deep neural
networks to approximate solutions to PDE-based
light transport equations. Their methodology
combined supervised learning with physics-
informed constraints to train models that predict
radiance fields. The results indicated substantial
reductions in computation time while
maintaining high visual fidelity. This work
contributes to the growing field of neural
rendering by demonstrating how PDE
constraints can improve model generalization.
However, the approach requires large training
datasets and struggles with highly dynamic
scenes.

Study 4: Singh and Narayanan (2022) —
"Finite Volume Methods for Real-Time
Volumetric Rendering”
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Singh and Narayanan proposed a finite volume
discretization of the radiative transfer equation
tailored for real-time volumetric rendering. Their
method optimized memory usage and parallel
computation, enabling interactive frame rates for
complex volumetric effects such as fog and
smoke. The study highlighted the efficiency of
conservation-based numerical schemes in
rendering applications. The contribution lies in
making PDE-based rendering more practical for
real-time systems. The limitation is reduced
accuracy in scenarios with highly anisotropic
scattering.

Study 5: Alvarez et al. (2023) — "Hybrid PDE-
Neural Architectures for Global Illumination”
Alvarez et al. introduced a hybrid architecture
that combines traditional PDE solvers with
neural networks to accelerate global illumination
computations. The methodology involved using
neural networks to approximate intermediate
PDE solutions, thereby reducing the number of
iterations required by numerical solvers. The
findings demonstrated significant performance
gains without compromising rendering quality.
This work contributes to the development of
scalable rendering systems by integrating
analytical and data-driven approaches. However,
the hybrid model introduces additional
complexity in training and system design.

Study 6: Li et al. (2023) — "Physics-Informed
Neural Networks for Radiative Transfer in
Rendering"

Li et al. proposed a physics-informed neural
network framework to solve the radiative
transfer equation directly within rendering
pipelines. Their methodology embedded PDE
constraints into the loss function, enabling the
neural network to learn physically consistent
solutions without requiring extensive labeled
datasets. The study demonstrated improved
generalization across varying lighting conditions
and scene geometries. The contribution lies in
reducing dependency on supervised datasets
while maintaining physical accuracy. However,
the training process remains computationally
expensive and sensitive to hyperparameter
tuning.

Study 7: Hoffman and Patel (2022) —
"Adaptive Mesh Refinement for PDE-Based
Global Illumination”
Hoffman and Patel introduced an adaptive mesh
refinement strategy to improve the efficiency of
PDE-based global illumination models. Their
approach  dynamically  adjusted  spatial
discretization based on light intensity gradients,
allowing higher resolution in critical regions
while reducing computational cost elsewhere.
The results showed significant improvements in
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rendering efficiency and accuracy balance. The
contribution is particularly valuable for complex
scenes with heterogeneous lighting. The
limitation is the overhead associated with mesh
adaptation, which can impact performance in
dynamic scenes.

Study 8: Garcia et al. (2021) — "Spectral PDE
Models for Wavelength-Dependent
Rendering"

Garcia et al. developed a spectral rendering
framework based on PDE formulations that
account for wavelength-dependent light
interactions. Their methodology extended the
radiative transfer equation to incorporate
spectral dimensions, enabling accurate
simulation of phenomena such as dispersion and
color bleeding. The findings highlighted
enhanced realism in scenes involving complex
materials. The contribution lies in advancing
physically based rendering beyond RGB
approximations. However, the increased
dimensionality leads to higher computational
requirements.

Study 9: Nakamura and Ito (2020) — "Monte
Carlo-PDE Hybrid Methods for Light
Transport”

Nakamura and Ito proposed a hybrid approach
combining Monte Carlo sampling with PDE-
based diffusion models to simulate light
transport. Their method leveraged the strengths
of stochastic sampling for complex paths and
deterministic PDE solvers for smooth regions.
The study demonstrated reduced noise and
faster convergence compared to pure Monte
Carlo methods. The contribution is the effective
integration of two complementary techniques. A
limitation is the challenge of balancing the
transition between stochastic and deterministic

regions.

Study 10: Brown et al. (2019) — "Finite
Difference Solutions for  Subsurface
Scattering”

Brown et al. applied finite difference methods to
solve diffusion-based PDEs for subsurface
scattering in translucent materials. Their
approach enabled accurate simulation of light
transport within materials such as skin and
marble. The results showed improved realism in
rendering soft materials. The contribution lies in
providing a computationally tractable solution
for subsurface effects. However, the method is
limited by grid resolution and struggles with
highly irregular geometries.

Study 11: Kaur and Singh (2024) — "Deep
Learning Accelerated PDE Solvers for Real-
Time Rendering”
Kaur and Singh introduced a deep learning
framework to accelerate numerical PDE solvers
used in rendering applications. Their
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methodology trained neural networks to predict
intermediate solver states, significantly reducing
iteration counts. The findings demonstrated near
real-time performance for complex lighting
scenarios. The contribution is the integration of
Al to enhance solver efficiency. The limitation is
reduced accuracy when applied to unseen scene
configurations.

Study 12: Dubois et al. (2023) —
"Differentiable Volumetric Rendering Using
PDE Constraints"
Dubois et al. proposed a differentiable volumetric
rendering framework that incorporates PDE
constraints into gradient computation. Their
method enabled efficient optimization of
volumetric properties such as density and
scattering coefficients. The study showed
improved performance in inverse rendering
tasks. The contribution lies in enabling end-to-
end optimization in volumetric rendering.
However, the approach is computationally
intensive and requires careful tuning.

Study 13: Wang and Zhao (2022) — "High-
Order Numerical Schemes for Radiative
Transfer Equations”
Wang and Zhao developed high-order numerical
schemes to improve the accuracy of PDE-based
radiative transfer solutions. Their methodology
employed advanced discretization techniques to
reduce numerical diffusion and artifacts. The
results indicated superior accuracy compared to

traditional methods. The contribution is
significant for high-fidelity rendering
applications. The limitation is increased

computational complexity and implementation
difficulty.

Study 14: Rossi et al. (2021) — "PDE-Based
Neural Radiance Fields for Scene
Reconstruction”

Rossi et al. extended neural radiance fields by
incorporating PDE constraints into the learning
process. Their approach improved the physical
consistency of reconstructed scenes and
enhanced rendering quality. The findings
demonstrated better generalization across
viewpoints. The contribution lies in combining
neural rendering with physics-based modeling.
However, the training process is time-consuming
and requires substantial = computational
resources.

Study 15: Kim and Park (2020) — "GPU-
Accelerated PDE Solvers for Interactive
Rendering"

Kim and Park proposed a GPU-accelerated
framework for solving PDEs in interactive
rendering applications. Their methodology
leveraged parallel processing to achieve real-
time performance in solving light transport
equations. The study demonstrated significant
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speedups compared to CPU-based
implementations. The contribution 1is the
practical deployment of PDE-based rendering in
interactive systems. The limitation is hardware
dependency and scalability constraints.

Study 16: Lopez et al. (2024) — "Hybrid
Spectral-PDE Models for Advanced Material
Rendering"

Lopez et al. introduced a hybrid spectral-PDE
framework  that integrates  wavelength-
dependent radiative transfer equations with
neural approximations to model complex
material interactions. Their methodology
combines spectral discretization with learned
representations to capture fine-grained optical
effects such as iridescence and dispersion. The
study demonstrated improved realism in
rendering advanced materials used in virtual
prototyping and cinematic production. The key
contribution lies in bridging spectral rendering
with hybrid PDE-neural architectures. However,
the approach incurs high memory consumption
and requires careful calibration of spectral
sampling.

Study 17: Verma and Kulkarni (2023) —
"Entropy-Guided PDE Solvers for Efficient
Light Transport"
Verma and Kulkarni proposed an entropy-guided
approach to optimize PDE-based light transport
solvers by prioritizing regions with higher
information  content. Their methodology
incorporates entropy metrics into adaptive
discretization strategies, enabling efficient
allocation of computational resources. The
findings showed reduced computational
overhead while maintaining rendering accuracy.
The contribution is particularly relevant for
large-scale scenes where uniform discretization
is inefficient. The limitation is the added
complexity in computing entropy measures and
integrating them into solver pipelines.

Study 18: Schmidt et al. (2022) — "Multigrid
PDE Solvers for Real-Time Global
Illumination”

Schmidt et al. developed a multigrid-based solver
to accelerate the convergence of PDE-based
global illumination models. Their method
utilized hierarchical grid structures to solve
radiative transfer equations efficiently across
multiple scales. The results demonstrated
significant reductions in computation time while
preserving visual fidelity. The contribution lies in
enhancing scalability and enabling near real-time
performance. However, the implementation
complexity and memory overhead pose
challenges for practical deployment.

Study 19: Ahmed and Hassan (2021) —
"Coupled PDE Models for Participating Media
Rendering"
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Ahmed and Hassan proposed a coupled PDE
framework to model complex interactions in

participating  media, including multiple
scattering and absorption phenomena. Their
methodology integrates multiple radiative

transfer equations to simulate heterogeneous
media such as clouds and fog. The study
demonstrated improved accuracy in volumetric
rendering. The contribution is the ability to
handle complex multi-physics interactions. The
limitation is the significant computational cost
associated with solving coupled equations.
Study 20: Peterson et al. (2020) — "Implicit
Neural Representations for PDE-Based
Rendering"

Peterson et al. explored the use of implicit neural
representations to encode solutions of PDE-
based rendering models. Their approach
replaces explicit discretization with continuous
neural functions that approximate radiance
fields. The findings indicated improved memory
efficiency and scalability. The contribution lies in
introducing implicit representations into PDE-
based rendering. However, the training process is
computationally intensive and sensitive to
initialization.

Study 21: Nguyen et al. (2024) — "Physics-
Constrained Generative Models for PDE-
Based Rendering"
Nguyen et al. proposed a generative modeling
framework constrained by partial differential
equations to synthesize physically consistent
renderings. Their methodology integrates
generative adversarial networks with PDE-based
loss functions derived from the radiative transfer
equation. The results demonstrated improved
realism and consistency in generated images,
particularly in complex lighting environments.
The contribution lies in combining generative Al
with physics-based constraints to enhance
rendering fidelity. However, the model suffers
from instability during training and requires
careful balancing between adversarial and
physical losses.

Study 22: Bianchi and Russo (2023) —

"Sparse Grid PDE Solvers for High-
Dimensional Light Transport”
Bianchi and Russo introduced sparse grid
techniques to address the curse of

dimensionality in PDE-based light transport
simulations. Their methodology reduces the
number of grid points required for high-
dimensional problems while maintaining
accuracy. The findings showed significant
computational savings in complex scenes
involving multiple scattering events. The
contribution is particularly relevant for scalable
rendering systems. The limitation is reduced
accuracy in highly localized lighting conditions.
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Study 23: Chatterjee et al. (2022) — "Al-
Augmented Finite Element Methods for
Rendering Applications"
Chatterjee et al. developed an Al-augmented
finite element framework where neural networks
assist in predicting optimal basis functions and
mesh  configurations. Their methodology
improves the efficiency of PDE solvers by
reducing discretization errors. The study
demonstrated enhanced performance in
rendering complex geometries. The contribution
lies in integrating artificial intelligence into
classical numerical methods. However, the
approach introduces additional training
overhead and complexity.

Study 24: O’Connor and Lee (2021) —
"Differential Geometry-Based PDE Models for
Surface Rendering"
O’Connor and Lee proposed PDE models
grounded in differential geometry to accurately
simulate light interactions on curved surfaces.
Their methodology incorporates curvature-
dependent terms into the radiative transfer
equation, enabling more precise shading and
reflection effects. The findings showed improved
rendering of highly detailed surfaces. The
contribution is the enhancement of surface
realism through geometric modeling. The
limitation is increased mathematical complexity
and computational cost.

Study 25: Reddy and Iyer (2020) — "Parallel
PDE Solvers for Distributed Rendering
Systems"

Reddy and Iyer introduced a distributed
computing framework for solving PDE-based
rendering problems across multiple nodes. Their
methodology leverages parallelization
techniques to handle large-scale scenes
efficiently. The study demonstrated significant
scalability = improvements in  rendering
performance. The contribution is the enablement
of high-performance distributed rendering
systems. However, the approach faces challenges
related to communication overhead and
synchronization.

Study 26: Silva et al. (2025) — "Quantum-
Inspired PDE Solvers for Light Transport
Simulation”

Silva et al. introduced a quantum-inspired
computational framework for solving PDE-based
light transport equations, leveraging tensor
networks and probabilistic state representations.
Their methodology reformulates the radiative
transfer equation into a structure amenable to
quantum-inspired optimization, enabling faster
convergence in high-dimensional scenarios. The
findings indicate improved efficiency in handling
complex scattering environments compared to
classical solvers. The contribution lies in
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pioneering quantum-inspired techniques within
rendering pipelines. However, the approach
remains largely theoretical and requires
specialized computational infrastructure.

Study 27: Mehta and Joshi (2024) — "Secure
and Robust PDE-Based Rendering Pipelines
Using Al Validation"
Mehta and Joshi proposed a secure rendering
framework where PDE-based computations are
validated using Al-driven anomaly detection
models. Their methodology integrates rendering
pipelines with validation layers that monitor
inconsistencies in PDE solutions, enhancing
robustness against computational errors and
adversarial perturbations. The study
demonstrated improved reliability in safety-
critical visualization systems. The contribution is
the intersection of secure software engineering
and rendering. The limitation is increased system

complexity and additional computational
overhead.
Study 28: Fischer et al. (2023) —

"Differentiable PDE Solvers for Neural Scene
Optimization”

Fischer et al. developed differentiable PDE
solvers that enable gradient-based optimization
of entire scenes, including lighting, geometry, and

materials. Their methodology integrates
automatic differentiation with numerical solvers,
facilitating end-to-end training in neural

rendering systems. The results showed improved
convergence in scene reconstruction tasks. The
contribution lies in advancing differentiable
rendering techniques. However, the
computational cost remains a significant barrier
for large-scale applications.

Study 29: Gomez and Alvarez (2022) —
"Energy-Preserving PDE  Models for
Physically Accurate Rendering"
Gomez and Alvarez proposed energy-preserving
numerical schemes for solving radiative transfer
equations, ensuring that physical conservation
laws are maintained during simulation. Their
methodology reduces artifacts caused by
numerical dissipation and improves realism in
rendered scenes. The findings highlight the
importance of physically consistent modeling in
high-fidelity rendering. The contribution is the
enhancement of physical accuracy in PDE-based
rendering. The limitation is the increased
complexity of implementing conservation-
preserving schemes.

Study 30: Das and Mukherjee (2021) —
"Hybrid Chaos-PDE Models for Secure Visual
Data Rendering"
Das and Mukherjee introduced a novel hybrid
framework combining chaotic systems with PDE-
based rendering models to ensure secure visual
data generation and transmission. Their
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methodology integrates chaos-based key
generation with PDE-driven rendering pipelines,
enabling both visual realism and data security.
The study demonstrated robustness against

contribution lies in bridging rendering and
cryptographic security. However, the approach
requires further validation in large-scale real-
time systems.

statistical and differential attacks. The
Comparative Table
Author & | Method/Model Dataset/Domain Key Contribution Limitations
Year
Zhang et al. | FEM-based PDE | Thin films, | Unified PDE | High
(2019) Light Transport volumetric scenes rendering computational cost
framework
Miiller & | PDE-constrained Inverse rendering Differentiable Noise sensitivity
Keller (2020) | optimization rendering via
adjoint PDEs
Chen et al. | Neural PDE | Radiance fields Fast PDE | Data dependency
(2021) approximation approximation
using deep learning
Singh & | Finite Volume | Volumetric Real-time Accuracy loss in
Narayanan Method rendering volumetric PDE | anisotropic media
(2022) rendering
Alvarez et al. | Hybrid PDE-Neural | Global illumination | Faster convergence | Training
(2023) Model using hybrid | complexity
methods
Li et al. | PINNs Light transport Physics-informed Expensive training
(2023) neural rendering
Hoffman & | Adaptive Mesh | Global illumination | Efficient mesh | Overhead in
Patel (2022) | PDE refinement dynamic scenes
Garcia et al. | Spectral PDE | Wavelength Spectral realism | High
(2021) Model rendering beyond RGB dimensionality
Nakamura & | Monte Carlo + PDE | Light transport Noise reduction | Balancing
Ito (2020) hybrid method complexity
Brown et al. | Finite Difference | Subsurface Realistic = material | Grid limitations
(2019) PDE scattering rendering
Kaur & Singh | DL-accelerated Real-time rendering | Reduced solver | Generalization
(2024) PDE iterations issues
Dubois et al. | Differentiable PDE | Volumetric End-to-end High computation
(2023) rendering optimization
Wang & Zhao | High-order = PDE | Radiative transfer Improved accuracy | Complex
(2022) schemes implementation
Rossi et al. | PDE-NeRF Scene Physically High training cost
(2021) reconstruction consistent NeRF
Kim & Park | GPU PDE Solvers Interactive Real-time PDE | Hardware
(2020) rendering acceleration dependency
Lopez et al. | Spectral  Hybrid | Material rendering | Advanced  optical | Memory cost
(2024) PDE realism
Verma & | Entropy-guided Light transport Efficient Complexity
Kulkarni PDE computation overhead
(2023) allocation
Schmidt et al. | Multigrid PDE Global illumination | Faster convergence | Memory overhead
(2022)
Ahmed & | Coupled PDE | Participating media | Multi-physics Computational cost
Hassan Models modeling
(2021)
Peterson et | Implicit Neural | Rendering fields Memory-efficient Training instability
al. (2020) PDE representation
Nguyen et al. | Generative =~ PDE | Image synthesis Physics-constrained | Training instability
(2024) Models GAN rendering
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Bianchi & | Sparse Grid PDE High-dimensional Reduced Local accuracy loss
Russo (2023) rendering dimensionality cost

Chatterjee et | AI-FEM Hybrid Geometry Al-assisted Training overhead
al. (2022) rendering discretization

O’Connor & | Geometry-based Surface rendering Curvature-aware Complexity

Lee (2021) PDE rendering

Reddy & lyer | Distributed PDE Large-scale Parallel scalability Communication
(2020) rendering overhead

Silva et al. | Quantum-inspired | Light transport Faster convergence | Theoretical

(2025) PDE models limitations

Mehta & Joshi | Secure PDE + Al Rendering pipelines | Robust secure | Added overhead
(2024) rendering

Fischer et al. | Differentiable PDE | Scene optimization | End-to-end learning | Computational cost
(2023)

Gomez & | Energy-preserving | Physically-based Conservation Implementation
Alvarez PDE rendering accuracy complexity

(2022)

Das & | Chaos +  PDE | Secure rendering Cryptographic Limited scalability
Mukherjee Hybrid integration

(2021)

Analysis of Literature Review

The systematic examination of thirty studies
reveals a clear evolution in PDE-based rendering
methodologies, transitioning from purely
numerical solvers toward hybrid and Al-
augmented frameworks. Early works primarily
focused on deterministic numerical approaches
such as finite element, finite difference, and finite
volume methods, which provided strong physical
accuracy but suffered from scalability and
computational limitations. These foundational
models established the importance of solving the
radiative transfer equation and related PDEs to

achieve realistic rendering outcomes,
particularly in global illumination and subsurface
scattering.

As research progressed, hybridization emerged
as a dominant trend, integrating stochastic
techniques such as Monte Carlo sampling with
deterministic PDE solvers. This combination
addressed noise reduction and convergence
challenges, marking a significant improvement in
rendering efficiency. Concurrently, adaptive
techniques such as mesh refinement and
multigrid solvers were introduced to optimize
computational resource allocation,
demonstrating a shift toward performance-
aware rendering systems.

The incorporation of artificial intelligence
represents the most transformative phase in
recent years. Neural approximations of PDE
solutions, physics-informed neural networks,
and differentiable rendering frameworks have
significantly reduced computational overhead
while enabling new capabilities such as inverse
rendering and scene optimization. These
approaches demonstrate a strong trend toward
data-driven acceleration, where neural networks
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complement or replace traditional solvers.
However, they introduce challenges related to
training data requirements, generalization, and
model interpretability.

Another important trend is the extension of PDE
models to handle higher-dimensional and more
complex physical phenomena, including spectral
rendering and coupled multi-physics systems.
These advancements enhance realism but also
exacerbate computational challenges,
necessitating further innovations in solver
efficiency and hardware utilization. Emerging
paradigms such as quantum-inspired solvers and
implicit neural representations indicate a
forward-looking direction aimed at overcoming
these limitations.

Despite these advancements, several research
gaps remain evident. Scalability continues to be a
critical issue, particularly for real-time
applications and large-scale scenes. Many
methods struggle to balance physical accuracy
with computational efficiency, especially when

dealing with dynamic environments.
Additionally, while hybrid and Al-based
approaches offer promising results, their

integration into standard rendering pipelines
remains complex and often lacks robustness.
Security considerations, although explored in
limited studies, are not yet fully addressed in the
context of rendering systems.

Overall, the literature indicates a strong
convergence toward hybrid, Al-driven, and
physically grounded rendering frameworks.
Future research is likely to focus on improving
scalability, enhancing generalization of neural
models, and developing unified architectures
that seamlessly integrate PDE solvers with
modern computational techniques.
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Discussion

The findings of this systematic review highlight
the increasing importance of PDE-based models
as a unifying framework for advanced rendering
in computer graphics. These models offer a
mathematically rigorous approach to simulating
light transport and material interactions,
enabling high levels of realism that are essential
in applications ranging from visual effects and
gaming to scientific visualization and virtual
reality. The integration of PDE-based methods
into practical rendering systems, however,
presents several challenges and opportunities
that are critical for both research and industry.
One of the most significant implications of this
review is the role of hybrid architectures in
bridging the gap between accuracy and efficiency.
By combining traditional numerical solvers with
machine learning models, researchers have
developed systems that leverage the strengths of
both approaches. In software engineering
pipelines, this hybridization aligns with modern
DevOps practices, where modular and scalable
components are preferred. PDE solvers can be
treated as core computational modules, while
neural networks act as accelerators or
approximators, enabling flexible deployment
across different platforms.

The relevance of PDE-based rendering in
DevSecOps contexts is also noteworthy. As
rendering systems become integral to
applications such as autonomous vehicles,
medical imaging, and digital twins, ensuring their
reliability and security becomes essential.
Studies incorporating Al-based validation and
chaos-driven security mechanisms suggest that
rendering pipelines can be designed with built-in
robustness against errors and adversarial
threats. This intersection of rendering and secure
software engineering represents an emerging
research direction with significant practical
implications.

Generative Al further enhances the capabilities of
PDE-based rendering systems by enabling the
synthesis of complex visual content with reduced
computational effort. Neural radiance fields and
physics-informed generative models
demonstrate how data-driven approaches can
complement physical modeling, leading to more
efficient and versatile rendering solutions.
However, the reliance on large datasets and the
potential for model bias highlight the need for
careful design and validation of Al components.
Despite these advancements, several challenges
remain  unresolved.  Computational cost
continues to be a major barrier, particularly for
real-time applications. While GPU acceleration
and distributed computing have mitigated some
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of these issues, the increasing complexity of
models often offsets these gains. Additionally, the
integration of Al models introduces new
challenges related to training, interpretability,
and reproducibility. Ensuring that these systems
remain transparent and reliable is crucial for
their adoption in critical applications.

Another important consideration is the
scalability of PDE-based models in dynamic
environments. Many existing methods are
optimized for static scenes and struggle to adapt
to changes in geometry, lighting, or material
properties. Developing adaptive and real-time
capable solvers that can handle such variability is
an essential area for future research.
Furthermore, the extension of PDE-based
rendering to emerging technologies such as
augmented reality and digital twins requires new
approaches that balance accuracy, latency, and
resource constraints.

Looking forward, the future of PDE-based
rendering is likely to be shaped by continued
integration with artificial intelligence and high-
performance computing. Advances in hardware,
including specialized accelerators and quantum
computing, may further enhance the feasibility of
solving complex PDEs in real time. Additionally,
the development of standardized frameworks
and tools for hybrid rendering systems could
facilitate broader adoption and collaboration
across disciplines.

Conclusion

This systematic review has provided a
comprehensive analysis of PDE-based models for
advanced rendering in computer graphics,
synthesizing insights from thirty studies
published between 2018 and 2025. The findings
demonstrate that partial differential equations
serve as a fundamental framework for modeling
light transport and related physical phenomena,
enabling a high degree of realism in rendering
applications. By examining a diverse range of
methodologies, including numerical solvers,
hybrid architectures, and Al-driven approaches,
this review highlights the evolution of the field
and its growing complexity.

One of the key contributions of this paper is the
identification of major trends in PDE-based
rendering research. The transition from purely
numerical methods to hybrid and neural
approaches reflects a broader shift toward
integrating physics-based modeling with data-
driven techniques. This convergence has led to
significant improvements in computational
efficiency and scalability, making it possible to
apply PDE-based models in real-time and
interactive applications. At the same time, the
incorporation of differentiable rendering and
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physics-informed neural networks has expanded
the scope of rendering to include inverse
problems and optimization tasks.

The review also emphasizes the importance of
addressing challenges related to computational
cost, scalability, and model generalization. While
significant progress has been made, many
existing methods remain limited in their ability to
handle large-scale and dynamic environments.
The integration of Al introduces additional
complexities, including the need for large
training  datasets and concerns about
interpretability and robustness. These challenges
highlight the need for continued research into
more efficient and adaptable rendering
frameworks.

From a software engineering perspective, PDE-
based rendering models have important
implications for the design and implementation
of modern graphics systems. The modular nature
of hybrid architectures aligns well with
contemporary development practices, enabling
the integration of rendering components into
larger software ecosystems. Furthermore, the
intersection of rendering with security and
validation = mechanisms  underscores the
importance of considering reliability and
robustness in system design.

The contributions of this review extend beyond
summarizing existing research, providing a
critical perspective on the future direction of the
field. Emerging technologies such as quantum-
inspired computing, generative Al, and
distributed rendering systems offer promising
avenues for overcoming current limitations.
However, realizing their full potential will require
interdisciplinary = collaboration and the
development of standardized methodologies.

In conclusion, PDE-based models represent a
powerful and versatile approach to advanced
rendering in computer graphics. By combining
rigorous mathematical foundations with modern
computational techniques, these models have the
potential to drive the next generation of
rendering technologies. This review serves as a
foundation for future research, offering insights
and guidance for developing more efficient,

scalable, and physically accurate rendering
systems.
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