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Abstract

Dark matter halos dominate the gravitating mass of galaxies outside their
luminous regions, yet the radial form of the halo density remains one of the
central theoretical problems in galaxy dynamics. This methodology paper
develops a controlled analytical comparison of three widely used spherical
halo descriptions: the Navarro-Frenk-White (NFW), Burkert, and Einasto
profiles. Each profile is normalized to an identical Milky-Way-scale virial
mass, M200 = 10”12 solar masses, within r200 = 210 kpc so that
differences in the inner halo arise from profile shape rather than total mass.
The theoretical workflow evaluates density, enclosed mass, circular
velocity, and logarithmic density slope over 0.1-210 kpc, with sensitivity
tests on concentration, core radius, and Einasto shape index. Model-
derived results show that the NFW and Einasto prescriptions remain
centrally concentrated, whereas the Burkert model develops a nearly
constant-density inner core. Despite marked differences at approximately
1 kpc, the profiles become more similar over intermediate galactic radii
after common-mass normalization. The analysis demonstrates why high-
resolution inner-galaxy kinematics are especially discriminating and
provides a reproducible framework for testing halo structure without
presenting illustrative calculations as observational measurements.

Introduction

motivated cored alternatives in which the central

Galaxy rotation curves and dynamical mass
estimates require substantially more gravitating
matter than can be supplied by stars and gas
alone, motivating extended dark matter halos.
Within  the  standard cold-dark-matter
framework, collisionless structure formation
naturally produces centrally concentrated halos.
Early numerical studies converged on a nearly
universal profile whose inner density increases
approximately as r*-1 and whose outer density
approaches r”-3 (Navarro, Frenk, & White, 1996,
1997). The resulting NFW profile became the
baseline for theoretical halo modeling because it
connects a characteristic radius and density to
the virial mass and concentration of the halo.

The inner few kiloparsecs are, however,
especially important. Observations of dwarf and
low-surface-brightness systems have repeatedly
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density changes slowly with radius (Moore,
1994; Burkert, 1995). This difference between a
central cusp and a core is not merely descriptive:
it changes the enclosed mass, circular speed,
gravitational potential, and predicted response of
baryons. The core-cusp tension has therefore
become a compact way to test the interaction
between cosmological initial conditions,
baryonic feedback, and possible non-standard
dark-matter physics (de Blok, 2010; Bullock &
Boylan-Kolchin, 2017).

A second development is that simulated halo
profiles need not approach a fixed power-law
slope at very small radius. High-resolution work
found that the local logarithmic slope varies
continuously with radius and can be represented
well by Einasto-type forms (Navarro et al.,, 2004;
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Merritt et al, 2006). This motivates a three-
model comparison: NFW as the conventional
cusped reference, Burkert as a phenomenological
cored profile, and Einasto as a smoothly varying-
slope profile. The aim of the present paper is not
to fit a specific galaxy, but to formulate and
demonstrate a theoretical method for comparing
these halo families under identical global mass
constraints.

Literature Review

The literature on halo structure developed
through a sequence of increasingly precise
theoretical and observational constraints. Moore
(1994) highlighted that galaxy-halo observations
could conflict with steep dissipationless dark-
matter distributions, while Burkert (1995)
proposed a finite-density empirical profile for
dwarf-galaxy halos. These studies established the
observational motivation for cored mass models.
In parallel, Navarro, Frenk, and White (1996,
1997) demonstrated through cosmological N-
body simulations that equilibrium halos over a
wide mass range could be represented by a
common scaled density law. Their formulation
introduced the characteristic scale radius and
concentration framework that remains central to
halo phenomenology.

Improved numerical resolution subsequently
showed that the inner slope is not necessarily a
single asymptotic power law. Navarro et al.
(2004) reported a progressive change of slope
toward small radii and motivated curved density
descriptions. Merritt et al. (2006) compared
parametric forms with simulated halos and found
strong performance for Einasto-like models.
Large cosmological calculations such as the
Aquarius Project extended this picture to the

hierarchy and internal substructure of Milky-
Way-size halos, emphasizing that smooth radial
structure coexists with surviving subhalos
(Springel et al., 2008).

Theoretical halo profiles must ultimately be
interpreted against galaxy-scale kinematics. de
Blok (2010) reviewed the core-cusp problem and
stressed that high-resolution velocity fields tend
to favor shallower inner distributions in many
gas-rich dwarf and low-surface-brightness
galaxies. Oman et al. (2015) broadened the issue
by showing that observed dwarf-galaxy rotation
curves exhibit greater diversity at fixed
characteristic velocity than simulated systems.
Read et al. (2016) demonstrated with high-
resolution dwarf simulations that repeated
baryonic feedback can transform a cusp into a
core under suitable star-formation histories,
while Bullock and Boylan-Kolchin (2017) placed
the core-cusp problem among the principal
small-scale tests of the Lambda-CDM paradigm.

By 2021, attention had shifted increasingly
toward quantifying modeling systematics and
the amount of data required to distinguish profile
shapes. Chang and Necib (2021), using mock
observations and Jeans modeling, showed that
robust inference of inner slopes in dwarf galaxies
can require very large stellar samples. Their
result is important for methodology: an apparent
preference for a core or cusp can reflect sampling
and dynamical assumptions as well as the true
halo. Therefore, a clean theoretical comparison
should first establish how much the candidate
profiles differ under controlled normalization
before  observational  uncertainties are
introduced.

Table 1. Selected development of galactic-halo density modeling through 2021

Study Year Main contribution | Use in this paper

Moore 1994 Early evidence for a | Motivation  for  inner-
halo core/cusp | profile testing
discrepancy

Burkert 1995 Finite-density cored | Cored comparison profile
halo model

Navarro et al. 1996/1997 | Universal cusped | Baseline NFW model
CDM profile

Navarro et al. 2004 Continuously Supports curved-slope
varying inner slope | modeling

Merritt et al. 2006 Einasto  performs | Einasto comparison profile
well for simulated
halos

Springel et al. 2008 High-resolution Context for CDM halo
Milky Way | complexity
halo/subhalo
structure
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de Blok 2010 Review of the core- | Observational
cusp problem interpretation
Chang & Necib 2021 Jeans-modeling Caution in inference
systematics and
sample-size limits

Methodology
1. Research Design and Assumptions

The study uses a deterministic theoretical-
computational design. No observed rotation-
curve data are fitted and no new empirical
measurement is claimed. The purpose is to
isolate the structural consequences of alternative
halo density laws under the same global halo
mass. Spherical symmetry and dynamical
equilibrium are assumed, and baryonic
contributions from the stellar disk, bulge, and gas
are excluded from the baseline calculation. These
assumptions deliberately reduce the problem to
the dark-matter component and make the
interpretation of profile shape transparent.

A fiducial halo mass M200 = 1.0 x 10*12 solar
masses and virial radius r200 = 210 kpc are
adopted. For NFW, the concentration is ¢ = 10,
giving rs = r200/c = 21 kpc. The Burkert core
radius is r0 = 10 kpc. The Einasto model uses r_-
2 =21Kkpcand shape parameter alpha=0.18. The
characteristic density of each model is solved
independently so that M(<r200) is exactly 10712
solar masses. This common-mass normalization
is essential: without it, differences in density
could be caused by unequal halo mass rather
than by the radial form of the model.

2. Density Models

The NFW profile is used as the standard cusped
CDM reference (Navarro et al,, 1996, 1997). With
X =r/rs, its density is

rho_NFW(r) =rho_s / [x (1 + x)"2].

Its inner behavior is rho proportional to r*-1 and
its outer behavior is rho proportional to r*-3.
Thus, the central density rises without forming a
finite-density core.

The Burkert profile represents a cored halo
(Burkert, 1995). With x = r/r0,

rho_B(r) =rho_0 / [(1 +x)(1 +x"2)].

At r much smaller than r0, rho_B approaches
rho_0, producing an approximately constant-
density center. At large radius the falloff tends
toward r”-3, allowing a useful direct comparison
with NFW while preserving different inner
behavior.

The Einasto model is included because high-
resolution simulations favor profiles whose
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logarithmic slope changes smoothly with radius
(Navarro et al., 2004; Merritt et al., 2006). Its
adopted form is

rho_E(r) = rho_-2 exp{-(2/alpha)[(r/r_-2)"alpha -
1]}

Here r -2 is the radius where the local
logarithmic slope equals -2, and alpha controls
the curvature of the profile. Unlike NFW, the
model does not impose a fixed inner power-law
asymptote over the resolved range.

3. Derived Dynamical Quantities

For each density law, enclosed mass is calculated
from spherical integration,

M(<r) = 4 pi integral_0"r rho(r') r'*2 dr".

The corresponding circular velocity is then
evaluated from V_c(r) = [G M(<r)/r]*1/2 using G
=4.30091 x 107-6 kpc (km/s)”2 solar-mass”-1.
The local shape is summarized by gamma(r) = -d
Inrho/d Inr; gamma close to zero denotes a core,
whereas gamma near one denotes an NFW-like
cusp.

4. Computational Procedure

The radial domain is sampled logarithmically
from 0.1 to 210 kpc. A logarithmic grid is
preferred because the diagnostic information is
concentrated at small radii while the model must
still extend to the virial boundary. For each grid
point the density is evaluated directly, the
enclosed mass is obtained by numerical
quadrature, and the circular speed and
logarithmic slope are derived. The maximum
circular velocity Vmax and its radius r(Vmax) are
identified numerically. Values at 1, 8, and 10 kpc
are retained as compact inner- and intermediate-
radius diagnostics.

The calculation proceeds in five reproducible
steps: (1) set M200 and r200; (2) choose profile-
shape parameters; (3) solve the characteristic
density that enforces M(<r200) = M200; (4)
evaluate rho(r), M(<r), Vc(r), and gamma(r) on
the common radial grid; and (5) compare profiles
using central density, inner mass, maximum
circular velocity, and slope. This workflow can
later be embedded in an observational likelihood
by adding stellar and gas mass models and a
covariance matrix for measured velocities.
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Table 2. Fiducial theoretical halo parameters

Model M200 Scale Shape Normalization
(Msun) parameter parameter

NFW 1.0x 10712 rs=21kpc c=10 rho_s =5.77 x 10"6 Msun kpc”-
3

Burkert 1.0x10712 r0 =10 kpc cored rho 0 = 34.50 x 106 Msun
kpc”-3

Einasto 1.0x10712 r_-2=21kpc alpha=0.18 rho_-2 = 1.38 x 1076 Msun
kpc”-3

5. Sensitivity and Interpretation Rules

A basic sensitivity analysis varies the NFW
concentration over ¢ = 8-12, the Burkert core
radius over r0 = 5-15 kpc, and the Einasto shape
index over alpha 0.15-0.25 while re-
normalizing the total virial mass after each
change. The primary interpretation rule is that a
model is considered strongly core-like only when
gamma remains much smaller than one
throughout the inner kiloparsec. Because
baryons are omitted, the calculated Vc curves are
halo-only quantities and should not be compared
directly with a measured total rotation curve
without adding the gravitational contributions of
stars and gas. This separation prevents
overinterpretation of the theoretical exercise.

—— NFW
Burkert
—— Einasto

Dark-matter density, p(r) (M ¢ kpe )

10° 107

Galactocentric radius, r (kpc)
Figure 1. Model-derived dark-matter density
profiles after normalization to the same M200 =
10712 solar masses. The central divergence of
NFW, finite Burkert core, and continuously
curved Einasto form are most distinguishable at
small radii.

Results

Density and Inner-Slope Comparison

The common-mass normalization produces a
clear separation in the inner halo. At 1 kpc, the

NFW density is 110.4 x 10”6 solar masses kpc”-
3, the Burkert density is 31.1 x 1076 solar masses
kpc”-3, and the Einasto density is 149.5 x 1076
solar masses kpc”-3. The Burkert value is
therefore only about 0.28 of the NFW value at this
radius. This difference is a direct consequence of
the core: the Burkert logarithmic slope at 1 kpc is
gamma = 0.11, compared with 1.09 for NFW and
1.16 for Einasto.

At 8 kpc, the three models are substantially
closer: NFW gives 7.94 x 10”6 solar masses kpc”-
3, Burkert 11.69 x 1076, and Einasto 8.10 x 1076
solar masses kpc”-3. This convergence at
intermediate radius explains why outer rotation
data alone may have limited power to determine
whether the central halo is cored or cusped. The
strongest diagnostic leverage is obtained by
resolving the inner region where the slope and
enclosed mass respond most directly to the
assumed density law, consistent with the
methodological concerns emphasized in de Blok
(2010) and Chang and Necib (2021).

Enclosed Mass and Circular Velocity

Within 10 kpc, the calculated dark-matter masses
are 4.49 x 10710 solar masses for NFW, 5.51 x
10710 for Burkert, and 4.85 x 10710 for Einasto.
Because the Burkert halo is normalized to the
same virial mass but assigned a 10 kpc core scale,
it redistributes mass differently across the inner-
to-intermediate region and reaches a larger halo-
only Vmax in this particular fiducial
parameterization. The computed maxima are
approximately 172.5, 200.3, and 171.0 km/s,
respectively. These numbers are not universal
predictions; they are outputs of the stated
parameter choices and are included to
demonstrate the comparison procedure.

Table 3. Model-derived comparison for the fiducial halo

Model rho(1 kpc) | gamma(1l | M(<10 | Vmax r(Vmax) | Interpretation
10”6 kpc) kpc) (km/s) | (kpc)
Msun/kpc”3 10710
Msun
NFW 110.4 1.09 4.49 172.5 45.4 Cusped
Burkert 31.1 0.11 5.51 200.3 32.3 Cored

© 2021 The Authors. Published by MRI INDIA.
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Einasto 149.5 1.16

4.85

171.0 45.9 Smoothly

varying slope

Conclusion and Discussion

This paper provides a compact theoretical
methodology  for analyzing  dark-matter
distribution in galactic halos using three widely
adopted density laws. When NFW, Burkert, and
Einasto halos are constrained to the same virial
mass and radius, their most important
differences occur in the central region rather
than near the virial boundary. The NFW profile
retains an r*-1-type cusp, the Burkert profile
approaches a finite central density, and the
Einasto profile changes slope continuously. The
model-derived comparison therefore supports a
central methodological conclusion: resolving the
inner kiloparsec is much more informative for
distinguishing profile families than relying only
on intermediate- or outer-radius kinematics. The
comparison also illustrates why parameter
normalization must be handled carefully. A cored
model can have a lower density at very small
radius yet a different mass distribution at several
kiloparsecs after the requirement of equal M200
is imposed. Circular-velocity differences are
therefore controlled jointly by inner shape and
global normalization. This is relevant to the
observed diversity problem described by Oman
et al. (2015): two galaxies with similar outer
velocities need not have the same inner mass
distribution, and a theoretical comparison must
preserve that possibility rather than force all
profiles to coincide at one inner point. The main
limitation is deliberate simplicity. Real galaxies
contain disks, bulges, gas, bars, triaxial structure,
time-dependent feedback, and measurement
uncertainties. Baryonic processes can alter the
dark-matter distribution and may transform
cusps into cores under suitable conditions, as
shown in high-resolution dwarf simulations
(Read et al., 2016). Conversely, dark-matter-only
simulations retain rich substructure and
centrally concentrated hosts (Springel et al,
2008). Thus, a discrepancy between a halo-only
NFW curve and a measured rotation curve is not
by itself evidence for new dark-matter physics.
The luminous mass model and observational
systematics must be included before such a
conclusion is justified. Future work should
extend this framework in three directions. First,
the baryonic circular-speed terms should be
added so that V_total*2 = V_halo”2 + V_star"2 +
V_gas”2 + V_bulge”2 can be fitted to observed
data. Second, Bayesian inference can be used to
estimate posterior distributions for
concentration, core radius, Einasto alpha, stellar
mass-to-light ratio, and nuisance parameters.
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Third, model comparison should use information
criteria or Bayesian evidence rather than visual
inspection alone. The 2021 literature on Jeans
modeling further indicates that sampling density
and kinematic precision must be treated as part
of the inference problem rather than as
secondary details (Chang & Necib, 2021). Under
these extensions, the theoretical workflow
developed here can serve as a transparent
baseline for testing dark-matter halo structure in
dwarf, spiral, and Milky-Way-like galaxies.
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