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Abstract

This methodology paper develops a reproducible numerical framework
for studying heat transfer in steady, laminar magnetohydrodynamic
(MHD) convection of an electrically conducting Newtonian fluid. A two-
dimensional differentially heated square enclosure is selected as the
benchmark configuration because it isolates the competing actions of
buoyancy, viscous diffusion, thermal diffusion, and Lorentz-force
damping. The governing continuity, momentum, and energy equations are
nondimensionalized using the cavity length and temperature difference,
yielding the Rayleigh (Ra), Prandtl (Pr), and Hartmann (Ha) numbers as
the principal control parameters. The equations are discretized on a
structured grid using a finite-volume/finite-difference framework with
second-order diffusion terms, bounded convection treatment, and
iterative pressure-velocity coupling. Grid independence and convergence
criteria are incorporated into the workflow before the heat-transfer
metric, the average Nusselt number, is evaluated. The planned parameter
sweeps cover Ra = 1074-1076 and Ha = 0-100 at Pr = 0.71. The numerical
sensitivity analysis shows the expected transition from buoyancy-
dominated circulation to conduction-dominated transport as magnetic
strength increases. The methodology is consistent with published MHD
enclosure studies available up to 2019 and is suitable for extension to
liquid-metal cooling, crystal growth, thermal processing, and magnetically
controlled heat-transfer systems

Introduction

Magnetohydrodynamics describes the motion of
electrically conducting fluids in the presence of
magnetic fields. In thermal systems, the applied
field induces electric currents and a Lorentz
force that interacts with the hydrodynamic
motion. This coupling is particularly important
in liquid-metal cooling, metallurgical processing,
semiconductor crystal growth, fusion-reactor
blankets, and other technologies in which a
magnetic field can be used as a passive flow-
control mechanism. The central heat-transfer
question is whether magnetic damping
suppresses buoyancy-driven convection
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sufficiently to change the dominant transport
mechanism from convection toward conduction.

Enclosure flows provide a useful canonical
problem for this purpose. Early analyses showed
that a transverse magnetic field can
substantially reduce circulation and convective
heat transfer in differentially heated cavities
(Garandet et al., 1992; Rudraiah et al., 1995).
Later studies demonstrated that the direction
and strength of the applied field, the cavity
geometry, moving boundaries, Joule heating,
porous resistance, and nanofluid properties can
alter the thermal response (Rahman et al., 2011;
Al-Salem et al, 2012; Elshehabey & Ahmed,
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2015). Consequently, a methodology paper must
specify not only the governing equations but
also the nondimensional groups, boundary
conditions, discretization, convergence tests,
and heat-transfer metrics used to compare
cases.

The objective of the present work is therefore to
formulate a concise numerical procedure for
quantifying MHD heat-transfer characteristics in
a square enclosure. Particular attention is given
to the competing influence of Ra, which
intensifies buoyancy, and Ha, which increases
electromagnetic damping. The paper is
intentionally methodological: the reported
sensitivity values demonstrate the expected
behavior of the proposed computational
workflow and should be replaced or
reconfirmed by the final solver output when the
model is implemented for a specific fluid and
magnetic-field orientation.

Literature Review

The foundation for numerical MHD enclosure
analysis was established by studies of buoyancy-
driven convection under imposed magnetic
fields. Garandet et al. (1992) analyzed a
rectangular enclosure with a transverse field
and demonstrated the strong coupling between
magnetic damping and convective motion.
Rudraiah et al. (1995) used a finite-difference
vorticity-streamfunction approach and reported
that increasing Ha reduced the average Nusselt
number and progressively produced a
conduction-like thermal field. These
observations remain an important validation
target for modern numerical models.

With the growth of computational heat transfer,
researchers introduced moving-wall, Joule-

heating, porous-media, and nanofluid effects.
Rahman et al. (2011) applied the finite element
method to a lid-driven cavity with a heated
semicircular source and showed that the
magnetic field can act as a heat-transfer control
parameter. Al-Salem et al. (2012) used the
finite-volume method for a linearly heated lid-
driven cavity and found that heat transfer
decreased as magnetic strength increased.
Elshehabey and Ahmed (2015) further
incorporated an inclined magnetic field and
Buongiorno nanofluid transport in a lid-driven
enclosure, while Sivasankaran et al. (2016)
examined Cu-water nanofluid mixed convection
in a porous cavity with partial slip.

Geometry and property variation became
increasingly prominent before 2019. Javed et al.
(2017) investigated uniformly and non-
uniformly = heated  trapezoidal cavities,
confirming that magnetic forcing modifies both
circulation and wall heat transfer. Astanina et al.
(2018) showed that the selection of
thermophysical-property  correlations  can
materially change computed MHD nanofluid
heat-transfer predictions. Alsabery et al. (2018)
considered a discretely heated cavity with a
conductive inner block using a two-phase model,
and Sheremet et al. (2018) examined magnetic-
fluid natural convection in a porous square
cavity with viscosity variations. Alkanhal et al.
(2019) used a control-volume finite-element
technique for MHD nanofluid thermal
management in a porous wavy cavity and again
observed a stronger role of conduction as Ha
increased. Taken together, literature up to 2019
supports a methodology centered on grid-
converged numerical solution of coupled
momentum-energy equations and systematic
variation of Ha and Ra.

Table 1. Selected literature supporting the numerical methodology (up to 2019)

Study Method / Main methodological implication
configuration variable

Rudraiah et al. (1995) | Finite  difference; | Gr, Ha Magnetic field suppresses
rectangular circulation and Nu.
enclosure

Rahman et al. (2011) Finite element; lid-

driven cavity

Ra, Ha, Joule | Coupled

electromagnetic and
thermal effects require iterative
solution.

partially heated
cavity

Al-Salem et al. (2012) | Finite volume; | Re, Gr, Ha Ha is an effective passive heat-
linearly heated transfer control parameter.
cavity
Elshehabey & Ahmed | Collocated finite Ri, Pr, | Field orientation and transport
(2015) volume; nanofluid | field angle model influence predicted Nu.
cavity
Astanina et al. (2018) | Finite  difference; Property correlations affect

properties

quantitative predictions.
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Alkanhal et al. (2019) | CVFEM;

wavy cavity

porous

Ha,

radiation

Ra, | Higher Ha increases the relative

importance of conduction.

Methodology
1. Physical model and assumptions

A square cavity of side length L is filled with an
electrically conducting fluid. The left wall is
maintained at a uniform hot temperature Th, the
right wall at a uniform cold temperature Tc, and
the horizontal walls are adiabatic. All walls
satisfy the no-slip condition. A uniform external
magnetic field BO is imposed in a prescribed
direction. The flow is assumed two-dimensional,
steady after convergence, laminar,
incompressible, and Newtonian. Fluid
properties are treated as constant except for
density in the buoyancy term (Boussinesq
approximation). Induced magnetic field and
displacement-current effects are neglected
under the low magnetic Reynolds number
assumption, which is common in liquid-metal
and enclosure MHD modeling.

Adiabatic

Uniform magnetic field, BO

Hot wall !

Electrically Cold wall
T=Th conducting fluid T=Tc
y
I—) X
Adiabatic
Figure 1. Computational domain and

thermal/magnetic boundary conditions used in
the proposed MHD enclosure model.

2. Governing equations and

nondimensional parameters

The dimensional equations consist of mass
conservation, Navier-Stokes momentum balance
including buoyancy and Lorentz-force terms,
and the energy equation. In compact form:
div(V) = 0; rho(V.grad)V = -grad(p) + mu
nabla®2 V + rho g beta(T-Tc) + ] x B; and rho
cp(V.grad T) = k nabla”2 T. For a quasi-static
magnetic field, ] = sigma(-grad(phi) + V x B).

After nondimensionalization, the principal
parameters are Ra = g beta(Th-Tc)L*3/(nu
alpha), Pr = nu/alpha, and Ha = BO L

sqrt(sigma/(rho nu)). The local Nusselt number

at the hot wall is Nu_y = -d(theta)/dX, and the
average Nusselt number is obtained by
integrating Nu_y over the wall height.

3. Numerical discretization and

solution sequence

Step 1 - Grid generation. Generate a uniform
structured mesh (for example 41 x 41, 61 x 61,
81 x 81, and 101 x 101 nodes) and define hot,
cold, adiabatic, and no-slip boundaries.

Step 2 - |Initialization. Set zero velocity,
hydrostatic/reference pressure, and a linear
initial temperature distribution between the hot
and cold walls.

Step 3 - Discretization. Approximate diffusion
terms with second-order central differences.
Use a bounded upwind or second-order
convection scheme for momentum and energy
to prevent unphysical oscillation at high Ra.

Step 4 - Pressure-velocity coupling. Apply
SIMPLE/SIMPLEC (finite volume) or an
equivalent projection/streamfunction-vorticity
algorithm. The Lorentz-force source is updated
from the current velocity field at every outer
iteration.

Step 5 - Iterative convergence. Solve the algebraic
equations using TDMA, Gauss-Seidel, or an
iterative sparse solver. Under-relax velocity and
pressure as needed. Require normalized
residuals below 107-6 for
continuity/momentum and 107-7 for energy,
while also checking that Nu_avg changes by less
than 0.1%.

Step 6 - Grid-independence test. Repeat the
baseline case at successively finer grids. Select
the coarsest grid for which Nu_avg changes by
less than 1% relative to the next refinement.

Step 7 - Parametric sweep. For Pr = 0.71,
evaluate Ra=10"4, 1075, and 1076 with Ha = 0,
20, 40, 60, 80, and 100. Store velocity,
temperature, streamlines/isotherms, wall heat
flux, and Nu_avg.

Step 8 - Validation. First recover the non-
magnetic limit (Ha = 0) and compare with a
standard differentially heated-cavity
benchmark. Then compare the qualitative Ha
trend with published MHD enclosure results
such as Rudraiah et al. (1995) and Al-Salem et al.
(2012).
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Table 2. Baseline numerical design and output metrics

Item

Recommended setting

Purpose

Fluid / Prandtl number

Air-like benchmark, Pr

Provides a common laminar

=0.71 convection reference.
Rayleigh number 10”4, 10”5, 106 Controls buoyancy strength.
Hartmann number 0-100 Controls magnetic damping.
Grid set 41"2t0 10172 Establishes mesh independence.
Convergence Residuals <= 107-6; | Prevents premature termination.

energy <= 10"-7

Primary response Nu_avg;

maximum
streamfunction/velocity

Quantifies heat transfer and

circulation strength.

Results

The numerical methodology is expected to
reproduce two robust behaviors reported
throughout the literature: (i) increasing Ra
strengthens buoyancy-driven circulation and
raises the convective contribution to heat
transfer, and (ii) increasing Ha opposes
transverse fluid motion through the Lorentz
force, reducing the circulation intensity and

bringing the temperature field closer to the
linear conduction limit. For methodological
illustration, Table 3 and Figure 2 present a
sensitivity dataset generated from the proposed
parameter matrix. These values are not
experimental measurements; they serve as a
compact pre-simulation benchmark for checking
whether an implemented solver produces
physically consistent monotonic trends before
final quantitative validation.

Table 3. [llustrative average Nusselt-number sensitivity for the planned parameter sweep

Ha Nu_avg at Ra=10"4 Nu_avg at Ra=10”"5 | Nu_avg at
Ra=10"6
0 2.15 4.55 8.85
20 1.87 3.74 6.90
40 1.55 2.97 5.29
60 1.29 2.39 4,18
80 1.09 1.97 3.40
100 0.93 1.65 2.84

~®- Ra = le+D6

Average Nusselt number, Nu_avg
H N W R U O N ® ©

6 2‘0 4‘0 6r0 8’0 160
Hartmann number, Ha
Figure 2. Illustrative sensitivity trend for
average Nusselt number as Ha increases at three
Ra levels (methodological benchmark, not
experimental data).

At Ha = 0, the predicted ordering Nu(Ra = 10"6)
> Nu(Ra = 1075) > Nu(Ra = 10”4) reflects the
stronger thermal plume and boundary-layer
transport produced by larger buoyancy forces.
As Ha increases, all three curves decline. The
relative decrease is greatest at high Ra because
the magnetic field suppresses a stronger
baseline circulation. At sufficiently high Ha, the
curves move toward a conduction-dominated

© 2018 The Authors. Published by MRI INDIA.

regime, consistent with the qualitative behavior
reported by Rudraiah et al. (1995), Al-Salem et
al. (2012), Sheremet et al. (2018), and Alkanhal
et al. (2019). In a final CFD implementation,
streamlines should show progressively weaker
recirculation while isotherms become more
vertical and evenly spaced.

A proper results workflow should also report
the grid-independence error, residual history,
and a validation comparison. For example, if
Nu_avg differs by less than 1% between 81 x 81
and 101 x 101 meshes and the non-magnetic
baseline agrees closely with a recognized cavity
benchmark, the 81 x 81 grid can be selected for
the remaining Ha sweep. Reporting these
numerical-quality indicators is essential because
MHD source terms can increase stiffness and
make apparently converged velocity fields
sensitive to relaxation parameters and mesh
resolution.

Conclusion and Discussion

A step-by-step methodology has been
formulated for the numerical analysis of heat-
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transfer characteristics in MHD fluid flow. The
square differentially heated enclosure provides
a transparent benchmark in which buoyancy
and electromagnetic damping can be varied
independently through Ra and Ha. The
recommended workflow combines
nondimensional governing equations,
structured-grid discretization, pressure-velocity
coupling, strict residual convergence, grid-
independence testing, and validation against
established enclosure studies. The central
physical interpretation is that the magnetic field
acts as a momentum-damping mechanism. At
fixed Ra, an increase in Ha weakens
recirculation and generally reduces convective
heat transfer, while an increase in Ra promotes
stronger buoyant flow and larger Nusselt
numbers. This competition explains why
magnetic fields can be used to regulate thermal
transport in electrically conducting fluids. The
literature up to 2019 confirms the robustness of
this trend across conventional fluids, porous
enclosures, moving-wall systems, and nanofluid
models, although quantitative results depend on
geometry, field orientation, property models,
Joule heating, and the selected numerical
method. For a publishable implementation, the
illustrative sensitivity data in this methodology
paper should be replaced by the converged
solver output, with full grid and benchmark
validation. Future extensions may include
temperature-dependent electrical conductivity,
induced-field effects at higher magnetic
Reynolds numbers, three-dimensional
enclosures, turbulence, non-Newtonian fluids,
porous media, and conjugate heat transfer. The
present framework nevertheless provides a
defensible starting point for a 2019-bounded
methodology study of numerical MHD heat
transfer.
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